We construct relativistic models of charged dust thick disks for a particular conformastatic spacetime through a Miyamoto-Nagai transformation used in Newtonian gravity to model disk like galaxies. Two simple families of thick disk models and a family of thick annular disks based on the field of an extreme Reissner-Nordström black hole and a Morgan-Morgan-like metric are considered. The electrogeodesic motion of test particles around the structures are analyzed. Also the stability of the particles against radial perturbation is studied using an extension of the Rayleigh criteria of stability of a fluid in rest in a gravitational field. The models built satisfy all the energy conditions. *
I. INTRODUCTION
Axially symmetric exact solutions of Einstein field's equations describing the field of a disk are important in astrophysics as models of certain stars, flat galaxies, accretion disks, the superposition of a black hole and a galaxy or an accretion disk as in the case of quasars, and in general relativity as sources of exact solutions of Einstein equations. Exact solutions representing static thin disks were first studied by Bonnor and Sackfield [1] and Morgan and Morgan [2, 3] . Several classes of exact solutions of the Einstein equations corresponding to static thin disks have been obtained by different authors [4] [5] [6] [7] [8] [9] [10] , while rotating thin disks were studied in [11, 12] . The exact superposition of a disk and a static black hole was first considered by Lemos and Letelier [13, 14] . Static thick disk models were considered by González and Leterier [15] and rotating thick disks by Voght and Letelier [16] .
On the other hand, thin disks in presence of electromagnetic field have been discussed as sources for Kerr-Newman fields [17] , conformastationary metrics [18] , and magnetostatic axisymmetric fields [19] [20] [21] [22] [23] . Now, have been showed that gravitationally bound system such as stars, galaxies, and clusters of galaxies can be positively charged [24, 25] , so that electric fields can also be important in the study of self-gravitating system not only from the merely theoretical point of view but also astrophysical. Thus, in presence of a pure electric field, conformastatic thin disks made of a charged perfect fluid have been considered in [26] , and composed of electrically counterpoised dust [27] [28] [29] , i.e. with the electric charge density equal to the mass density, in reference [30] for nonaxisymmetric planar matter distribution, in [31] for Morgan-Morgan-like fields and in [32] for the superposition of an extreme Reissner-Nordström black hole and a annular disk.
In this work we construct exact relativistic models of thick disks made of a charged dust fluid for a particular conformastatic spacetime through a Miyamoto-Nagai transformation used in Newtonian gravity to model disk like galaxies [33, 34] , which adds to the previous electrostatic disks models an additional degree of reality, its thickness. Two simple families of thick disk models and a family of thick annular disks based on the field of an extreme ReissnerNordström black hole and a Morgan-Morgan-like solution are considered. The ring like matter distributions are generated applying a Kelvin transformation [37, 38] . The structures have no boundary but as the energy density decreases rapidly one can define a cutoff radius and, in principle, to consider such structures as finite.
The paper is organized as follows. In Sec. II we present the formalism to construct models of thick disks made of charged dust for a particular conformastic metric. We also analysis the electrogeodesic motion of charged test particles around the disks and the stability of the orbits against radial perturbation using an extension of the Rayleigh criteria of stability of a fluid in rest in a gravitational field. In Secs. III-V two simple family of charged dust thick disks and a family of thick annular disks are considered based on the field of an extreme Reissner-Nordström black hole and a Morgan-Morgan-like solution. Finally, in Sec. VI we summarize and discuss the results obtained.
II. EINSTEIN-MAXWELL EQUATIONS AND DISKS
We consider a conformastatic spacetime in cylindrical coordinates (ϕ, R, z) and in the particular form
For axially symmetric fields ψ is function of the coordinates R and z only. The Einstein-Maxwell equations, in geometrized units such that G = c = 1, are given by
where
The other symbols have the usual meaning, i.e., ( ) ,a = ∂/∂x a , ∇ b covariant derivate, etc. For a charged dust distribution
where ρ is the energy density, V a the four-velocity of the fluid, and φ electrostatic potential, the Einstein-Maxwell equations have solution in the case of spacetime (1) [27] [28] [29] 
where σ is the electric charge density and k = ±1. V a is the timelike vector of the orthonormal tetrad (comoving observer) e (a)
In the Newtonian limit ψ ≪ 1, the expression relativistic (5b) reduces to the Poisson's equation and in absence of matter to the Laplace's equation.
Exact solutions of Einstein-Maxwell's equations representing the field of a disk of infinitesimal thickness immersed or not in a matter distribution can be obtained applying a Kuzmin-Toomre transformation [35, 36] z → a + |z|, where a is a positive constant, and models of thick disks using a Miyamoto-Nagai transformation which consists in changing in the Kuzmin-Toomre thin disks |z| → ζ = √ z 2 + b 2 , where b is a positive parameter. When this procedure is applied to a electrovacuum Einstein-Maxwell solution (5a) -(5c), we obtain a relativistic charged dust thick disk with energy density given by
A useful parameter related to the motion of test particles around the structures on the equatorial plane is circular speed v c (rotation curves). For circular, equatorial orbits the 4-velocity u of the particles with respect to the coordinates frame has components u = u t (1, ω, 0, 0), where
is the angular speed of the test particles. With respect to tetrad (6a) -(6b), the 4-velocity has component
and the 3-velocity
For circular, equatorial orbits the only nonvanishing velocity component is v (ϕ) , and is given by
and represents the circular speed (rotation profile) of the particle as seen by an observer at infinity. The angular speed ω can be calculated considering the electrogeodesic motion of the particles. For the spacetime (1), the radial motion's equation is given by
whereẽ is the specific electric charge of the particles. For the electrostatic case we have
where u 0 obtains normalizing u a , that is requiring g ab u a u b = −1, so that
Thus, the angular speed ω is given by
The positive sign corresponds to the direct orbits or co-rotating and the negative sign to the retrograde orbits or counter-rotating.
To analyze the stability of the particles against radial perturbations we can use an extension of the Rayleigh criteria of stability of a fluid in rest in a gravitational field
where h is the specific angular momentum, defined as h = g ϕa u a . For circular, planar orbits we obtain
All above quantities are evaluated on the equatorial plane z = 0.
III. CHARGED DUST THICK DISKS FROM A EXTREME REISSNER-NORDSTRÖM BLACK HOLE
For a extreme Reissner-Nordström black hole
and the application of the Miyamoto-Nagai transformation yield the potential
which corresponds in Newtonian gravity to the first Miyamoto-Nagai model (with G = 1). The relativistic energy density is given byρ
Note that the energy density is always a positive quantity in agreement with the weak energy condition.
In Figure 1 we graph the relativistic energy densityρ and the contour curves for extreme Reissner-Nordström-like charged dust thick disks with parametersã = 1 (a = M ),b = 1 and 2, as functions ofR andz. The energy density presents a maximum value onR = 0 and then decreases rapidly withR which permits to define a cut off radiusR c and, in principle, to model these matter distributions as compact objects. Furthermore, as in the Newtonian case, as the ratio b/a decreases the distribution of energy becomes flatter so that b/a is also a measure of flatness of the models.
In figure 2 we illustrate the behavior of the circular speed for direct orbits v 2 + and retrograde orbits v 2 − of charged test particles withẽ = 0 (neutral particles), 0.5, 0.9 and the same values of the parametersã andb. We find that for direct orbits the specific electric charge increases the speed of the particles whereas for retrograde orbits the contrary occurs. Also, for direct orbit the particles become more relativistic when the matter distribution is flatted, whereas for retrograde orbits the opposite occurs. We observer that circular speed of particles is always a quantity less than the speed of light in agreement with the dominant energy condition. In figure 3 we also show, as function ofR, the specific angular momentumsh 2 + andh 2 − for the same values of parameters. We find that for these values the orbits of the particles are stable against radial perturbation.
IV. MORGAN-MORGAN-LIKE CHARGED DUST THICK DISKS
Thin disks of finite extension can be obtained in Newtonian gravity solving the Laplace equation in oblate spheroidal coordinates (u,v), which are defined in terms of the cylindrical coordinates (R, z) by
and explicitly
where u ≥ 0 , −1 < v < 1,R = R/d andz = z/d, being d the radius of the disk. In such coordinates, the general solution of Laplaces equation can be written as
where c 2n are constants, P 2n are the Legendre polynomials of order 2n and
being Q 2n (iu) the Legendre functions of the second kind. For example, for the first two terms in series (23) (n = 0 and n = 1), the gravitational potential is
being M the mass of the disk. Note that in general the potential Φ is function of z 2 = |z| 2 . Thus, Newtonian thick disks can be generated from the solutions (23) via a Miyamoto-Nagai transformation taking a = 0. In particular, for the potential (25) we obtain the mass distributionρ
The relativistic version of the disk like solutions (23) was first given in [2] and are known in the literature as the Morgan-Morgan disks. Likewise, relativistic finite thin disks make of charged dust can be constructed taking the Newtonian gravitational potential Φ as the metric function ψ and in consequence can also be "fattened" by applying a Miyamoto-Nagai transformation. Thus, for the seed potential (25) we obtain the relativistic energy density (with G=1)ρ = 3b
In figure 4 we present, as functions ofR andz, the surface and level curves of the energy densityρ for MorganMorgan-like charged dust thick disks with parametersd = 1,b = 1 andb = 2. We see that the energy density is a positive quantity in according with the weak energy condition and, unlike the seed thin disks, these disks have no boundary but as the distribution of matter also decreases rapidly with radiusR it permits to model these structures as compact objects. Since the denominator of the expression of the energy density is a quantity greater than one, the relativistic effects decrease everywhere the energy density. Here the parameterb/d is the measure of flatness of the models.
In figure 5 we graph the circular speed for direct orbits v 2 + and retrograde orbits v 2 − for charged test particles moving around Morgan-Morgan-like charged dust thick disks with parametersẽ = 0 (neutral particles), 0.5, 0.9 and the same values of the parameterd andb, as functions ofR. We see that they exhibit the same behavior as the previous models. However, we observer that in these models the particles are more relativistic in the case of direct orbits, whereas for retrograde orbit the opposite occurs. Note also that circular speed of particles is always a quantity less than the speed of light in agreement with the dominant energy condition. The orbits of particles are also stable against radial perturbations for these values of parameters (figure 6).
V. MORGAN-MORGAN-LIKE CHARGED DUST THICK RINGS
Ring like matter distributions can be obtained using a Kelvin transformation [37, 38] which in cylindrical coordinates reads
When this transformation is applied to the relativistic potential-density pair (ψ, ρ) corresponding to the non-linear Poisson's equation (5b) we obtain the new pair
In particular, for the potential-density pair (28) - (29) we obtaiñ
In figure 7 we show, as functions ofR andz, the density profileρ and contour plots for Morgan-Morgan-like charged dust thick rings with parametersd = 1,b = 0.2 andb = 0.5. The graphs suggest that we have a ring structure. In all cases we find that the energy density is a positive quantity. In figure 8 we present the tangential speeds v 
VI. DISCUSSION
Two simple families of charged dust thick disks and a family of thick annular disks for a particular conformastatic metric were presented based on the extreme Reissner-Nordstrom black hole field and a Morgan-Morgan-like metric.
The disk models are constructed via a Miyamoto-Nagai transformation used in Newtonian gravity to model flat galaxies and the ring like matter distributions applying a Kelvin transformation. The structures satisfy all the energy conditions. Unlike the Morgan-Morgan-like thin disks, the relativistic thick disks built from them have infinite extension, but as the energy density decreases rapidly with radiusR we can to model such structures as compact objects.
We analyzed the electrogeodesic equatorial circular motion of charged test particles around of the disks. We found that for direct orbits the specific electric charge increases the speed of the particles whereas for retrograde orbits the contrary occurs. Also, for direct orbit the particles become more relativistic when the matter distribution is flatted, whereas for retrograde orbits the opposite occurs. In the Morgan-Morgan-like disk models the speed of the particles is greater in the case of direct orbits, whereas for retrograde orbit the opposite occurs. In all the cases, we found stable orbits against radial perturbations. 
